In this paper the existence of the contingent epiderivative of a set-valued map is studied from a variational perspective. We give a variational characterization of the ideal minimal of a weakly compact set. As a consequence we characterize the existence of the contingent epiderivative in terms of an associated family of variational systems. When a set-valued map takes values in R n we show that these systems can be formulated in terms of the contingent epiderivatives of scalar set-valued maps. By applying these results we extend some existing theorems.
Introduction
It is well known that the contingent epiderivative of a set-valued map is a valuable concept in set-valued analysis especially in the area of optimization, see [4] and references therein. Despite of this, there are few works where its existence has been studied. When the image space is the real line existence conditions have been given in [2, 5, 6] . Recently, based on ordered spaces techniques, several results have been given in a more general setting, see [8] . In order to com-plement and extend the previous results, in this work we study the existence of the contingent epiderivative from a variational approach.
Let X, Y be real normed spaces where Y is partially ordered by a closed convex pointed cone C. By y x (respectively x y) we denote x − y ∈ C. Let Y be the topological dual of Y and C + the positive dual cone of C, i.e. C + = {λ ∈ Y : λ(c) 0 for any c ∈ C}. Given a nonempty subset A of Y , by IMin(A) we denote the ideal minimal point with respect to C, i.e. the elementā ∈ A such thatā a for every a ∈ A. The closed ball centered at origin of radius t ∈ R + is represented by B(0, t).
We recall that the effective domain, the graph and the epigraph of a set-valued map F : X → 2 Y are defined by dom(F ) = x ∈ X: F (x) = ∅ , graph(F ) = (x, y) ∈ X × Y : y ∈ F (x) , epi(F ) = (x, y) ∈ X × Y : x ∈ dom(F ), y ∈ F (x) + C .
Given F, G : X → 2 Y by F G, we denote dom(F ) = dom(G) and F (u) = G(u) for every u ∈ dom(F ). Let λ ∈ C + , by λ • F and F + C we denote the set-valued maps defined by λ • F (x) = {λ(y): y ∈ F (x)} and (F + C)(x) = F (x) + C for any x ∈ X (with convention A + ∅ = ∅ for any subset A ⊂ Y ), respectively.
The contingent cone T (A,ȳ) to A ⊂ Y at a pointȳ ∈ A is the set of all y ∈ Y such that there exists a sequence of real numbers (t n ) → 0, t n > 0, and a sequence (y n ) ⊂ Y with y n → y such thatȳ + t n y n ∈ A. If Y = R, C = R + , f : S → R a single-valued map, following the notation given by Aubin and Frankowska in [1] , we denote the contingent epiderivative of
We recall:
The contents of this paper are as follows. In Section 2 we give a variational characterization of the ideal minimal point of a weakly compact set. In Section 3 by means of this result we get a variational characterization of the contingent epiderivate of a set-valued map. Finally in Section 4, in the finite-dimensional case, we show that this variational characterization can be formulated in terms of the contingent epiderivatives of the family of set-valued maps {λ•F } λ∈C + . Furthermore we extend two existence theorems given in [8] .
In the sequel by F : X → 2 Y we denote a set-valued map such that
Variational characterization of the ideal minimal
Let A = ∅ be a C-lower bounded subset of Y , i.e. there exists z ∈ Y such that A ⊂ z + C. Hence for any λ ∈ C + it is easily seen that inf{λ(a): a ∈ A} λ(z). Consequently, we can consider the following variational system
From its definition we observe that (P ) has at most one solution. Indeed if y 1 and y 2 are solutions of (P ) then λ(y 1 ) = λ(y 2 ) for every λ ∈ C + , whence ±(y 1 − y 2 ) ∈ C ++ = C, and so y 1 = y 2 . Moreover, if y 0 = IMin(A) then y 0 is obviously the solution of (P ).
Under certain hypotheses the solution of (P ) characterizes the ideal minimal of A as the next theorem shows. We recall that a set is weakly compact if it is compact with respect to the weak topology, see [7] .
Given λ ∈ C + we denote 
Proof. Let us prove that if (P ) has a solution then it coincides with IMin(A). Assume that y
Since A is weakly compact S λ is a nonempty weakly closed (even weakly compact) subset of A. We have to show that λ∈C + S λ is nonempty. Because A is (weakly) compact, it is sufficient to show that any finite subfamily (S λ i ) i∈1,n of (S λ ) λ∈C + has nonempty intersection. In fact S λ 1 +···+λ n ⊂ i∈1,n S λ i for all λ 1 , . . . , λ n ∈ C + . Indeed, setting λ := λ 1 + · · · + λ n and taking a ∈ S λ , we have λ i (y 0 ) λ i (a) for every i ∈ 1, n. Summing term by term these inequalities we get λ(y 0 ) λ(a) = λ(y 0 ), and so λ i (y 0 ) = λ i (a) = min λ i (A) for every i ∈ 1, n. It follows that a ∈ i∈1,n S λ i . Hence λ∈C + S λ = ∅. Takingā in this set we have that λ(a −ā) 0 for every λ ∈ C + and every a ∈ A. Therefore, a −ā ∈ C ++ = C for every a ∈ A, and soā is the ideal minimum point of A. 2
The following corollary is straightforward from the previous theorem.
Corollary 2.2. Let B ⊂ Y be a set such that A ⊂ B, B ⊂ A + C. If (P ) has a solution then
IMin(B) = ∅.
Variational characterization of the contingent epiderivative
In [8] , the LBD property is defined. This condition plays a fundamental role in the study of the existence of DF (x,ȳ). Adding a notion of weak compactness we get a natural condition for the characterization of DF (x,ȳ) in terms of a family of variational systems.
In the sequel we assume that F verifies the LBD property at (x,ȳ). It is clear that F needs to verify this property in order to assure the existence of DF (x,ȳ) . Under this hypothesis, we can associate any u ∈ L with a variational system (P u ) and consider the following family of variational systems
whose solutions, under certain hypotheses, characterize DF (x,ȳ).
Definition 3.2.
A set-valued map F is said to have the WCLBD (weakly compact lower bounded derivative) property at (x,ȳ) ∈ graph(F ) if for any u ∈ L there exists a weakly compact subset
In the following by C normal we mean that for all sequences (x n ) n∈N , (y n ) n∈N such that 0 x n y n , for every n ∈ N , if y n → 0 then x n → 0, where we are considering the norm topology in Y (see [3] ).
Proposition 3.3. Suppose that for any u ∈ L there exists an element
If one of the following conditions holds:
weakly compact and the set-valued map D c (F + C)(x,ȳ) takes convex values; (ii) Y reflexive Banach space, C normal and D c (F + C)(x,ȳ) takes convex values; (iii) Y finite-dimensional, then F verifies the WCLBD property at (x,ȳ).
Proof. Let u ∈ L. By G we denote the C-lower section
As G is closed and convex then it is weakly closed. Furthermore it is contained in a weakly compact set therefore it is weakly compact.
(
C is convex and closed, therefore it is weakly closed. Furthermore, as C is normal, it is topologically bounded, see Theorem 2.2.10 of [3] . Therefore there exists r ∈ R + such that 
Applying Corollary 2.2 we conclude. 2
Finite-dimensional case
In this section we consider Y = R n . We define the following family of variational systems associated with the family of scalar set-valued maps {λ • F } λ∈C + :
We will study the relationship between (P u ) u∈L and (P 2 u ) u∈L .
Definition 4.1. F is said to be stable at (x,ȳ) if there exist a constant M ∈ R + \{0} and a neighborhood U ofx such that F (x) ⊂ {ȳ} + B(0, M x −x ) for any x ∈ U \{x}.
Lemma 4.2. Let λ ∈ Y . If F is stable at (x,ȳ) then λ • F is stable at (x, λ(ȳ)).
Proof. Since F is stable at (x,ȳ) there exist a neighborhood U ofx and a constant M > 0 such that y −ȳ ∈ B(0, M x −x ) for any y ∈ F (x) and x ∈ U \{x}. Because λ ∈ Y there exists a constant K > 0 such that |λ(y −ȳ)| K x −x , thus |λ(y −ȳ)| KM x −x . 2 By Theorems 3.6.1 and 3.6.6 of [3] the following lemma is immediate.
Lemma 4.3. Let λ ∈ C + , IMin(F (x)) = {ȳ} and let F be stable at (x,ȳ). Then:
(i) D c (F + C)(x,ȳ) D c F (x,ȳ) + C. (ii) inf{λ(v): v ∈ D c (F + C)(x,ȳ)(u)} = inf{λ(v): v ∈ D c F (x,ȳ)(u)} for any u ∈ L.
Lemma 4.4. Let λ ∈ Y . If F (x) = {ȳ} and F is stable at (x,ȳ) then: (i) dom(D c F (x,ȳ)) = T (S,x) and D c F (x,ȳ)(u) is compact for any u ∈ T (S,x). (ii) dom(D c (λ • F )(x, λ(ȳ))) = T (S,x). (iii) λ(D c F (x,ȳ)(u)) = D c (λ • F )(x, λ(ȳ))(u) for any u ∈ T (S,x). (iv) inf{λ(v): v ∈ D c F (x,ȳ)(u)} = inf{v: v ∈ D c (λ • F )(x, λ(ȳ))(u)} ∈ R for any u ∈ T (S,x). (v) F verifies the WCLBD property at (x,ȳ).

Proof. (i) As dom(D c F (x,ȳ)) ⊂ T (S,x), it is sufficient to prove that
T (S,x) ⊂ dom D c F (x,ȳ) .
Given u ∈ T (S,x), there exist (x n ) ⊂ S, t n → ∞, such that x n →x, t n (x n −x) → u.
From the stability of F at (x,ȳ) and F (x) = {ȳ} there exists (y n ), y n ∈ F (x n ), such that y n →ȳ and for n big enough t n (y n −ȳ) ∈ B 0, Mt n x n −x . 
Since F is stable at (x,ȳ) and IMin(F (x)) = {ȳ}, y n →ȳ and there exists v ∈ Y such that a subsequence of {t n (y n −ȳ)} converges to v, hence v ∈ 
D c F (x,ȳ)(u). It is clear that w = λ(v).
Reciprocally let v ∈ D c F (x,ȳ)(u). By the linearity and continuity of λ we prove λ(v) ∈ D c (λ • F )(x, λ(ȳ))(u) in a similar fashion. (iv) Let u ∈ T (S,x). As λ is continuous and (from (i)) D c F (x,ȳ)(u) is compact, the set of real numbers λ(D c F (x,ȳ)(u)) is compact and therefore inf{λ(v
): v ∈ D c F (x,ȳ)(u)} is finite. From (iii) we have inf λ(v): v ∈ D c F (x,ȳ)(u) = inf v: v ∈ D c (λ • F ) x, λ(ȳ) (u) .
(v) Let u ∈ T (S,x). From (i) of Lemma 4.3 we deduce
D c (F + C)(x,ȳ)(u) = D c F (x,ȳ)(u) + C.
Proposition 4.5. Let IMin(F (x)) = {ȳ} and let F be stable at (x,ȳ). DF (x,ȳ) exists if and only if each system (P 2 u ) has solution for any u ∈ T (S,x). Furthermore if it exists, DF (x,ȳ)(u) is given by the unique solution of (P 2 u ) for any u ∈ T (S,x).
Proof. Let λ ∈ C + . Consider F the set-valued map from X to Y defined by F (x) = {ȳ},
As it is always verified that
then from the previous lemma we have L = T (S,x). It is easily seen that
If we prove that D(λ • F )(x, λ(ȳ)) exists and
then from the previous equivalences we deduce that D(λ • F )(x, λ(ȳ)) exists and
and as a consequence the family of variational systems (P 2 u ) u∈L is equivalent to (P u ) u∈L . From (v) of Lemma 4.4, F verifies the WCLBD property at (x,ȳ) , so in the same manner F does. Applying Theorem 3.4, the proof is completed.
Let us prove (4.2). Let u ∈ L. From Lemma 4.2 λ • F is stable at (x, λ(ȳ)), therefore by (iv) of Lemma 4.4 and (ii) of Lemma 4.3, it is verified that
From the previous equalities and Theorem 4.5 of [8] we have that D(λ • F )(x, λ(ȳ)) exists and verifies
As a consequence of the previous proposition we have the following characterization of the contingent epiderivative of a stable single-valued map.
Corollary 4.6. Let f : S → Y be a single-valued map that is stable atx ∈ S. Df (x, f (x)) exists if and only if the following variational system
Find y ∈ Y such that λ(y) = D ↑ (λ • f ) x, λ • f (x) (u) for any λ ∈ C + ,
has a solution for any u ∈ T (S,x). Furthermore if it exists, Df (x, f (x))(u) is given by the unique solution of the corresponding variational system for any u ∈ T (S,x).
We remark that the previous results provide a sort of scalarization method to calculate the contingent epiderivative of F at (x,ȳ); instead of calculating D c (F + C)(x,ȳ) and then searching for the ideal minimum of its images, with this approach we first epidifferentiate the scalar set-valued maps {λ • F } λ∈C + and then we solve the associated system. In the next example we illustrate this approach for the case of a single-valued map f : S → Y , by showing how the variational problems that characterize Df (x, f (x)) are constructed by means of the contingent epiderivatives
Therefore for any u > 0 if it exists, Df (x, f (x))(u) is the solution of the following variational system:
It is easily seen that (x, y) = (u, u) is a solution.
Similarly for any u < 0 if it exists, Df (x, f (x))(u) is the solution of the following variational system:
It is easily seen that (x, y) = (0, 0) is a solution. Therefore Df (x, f (x)) exists and is given by
In the following we extend two results of existence of contingent epiderivative given in [8] . We recall that F is said to be C-convex if S is a convex set and αF (x) 
Proof. Let λ ∈ C + . By Theorems 3.6.1 and 3.6.6 of [3] we have Since λ ∈ C + and f is C-convex and continuous atx then λ • f is convex and continuous atx.
Hence it is well known that the limit lim α→0 +
(λ•f )(x+αu)−(λ•f )(x) α
exists and 
